Multi-Return Macro Tree Transducers

Kazuhiro Inabéa, Haruo Hosoya, and Sebastian Manéth

! University of Tokyo,{kinaba,hahosoya  }@is.s.u-tokyo.ac.jp
2 National ICT Australiasebastian.maneth@nicta.com.au
3 University of New South Wales, Sydney

Abstract. An extension of macro tree transducers is introduced with the capa-
bility of states to return multiple trees at the same time. Under call-by-value se-
mantics, the new model is strictly more expressive than call-by-value macro tree
transducers, and moreover, it has better closure properties under composition.

1 Introduction

Macro tree transducers (mtts) [1, 2] are a finite-state machine model for tree translation.
They are motivated by compilers and syntax-directed semantics and more recently have
been applied to XML transformations and query languages [3, 4]. An mtt processes the
input tree top-down, starting in its initial state at the root node. Depending on its state
and the label of the current input node, it produces an output subtree which possibly
contains recursive state calls to children of the current node. State calls may appear at
internal nodes of the output and can thus be nested. Technically speaking, this means
that a (state, current label)-rule is parameterized by a sequence of arbitrary output trees.
The number of such “accumulating parameters” is fixed for each state of the transducer.
The initial state has zero parameters, because we are interested in tree-to-tree, not (tu-
ple of trees)-to-tree translations. If every state has zero parameters, then we obtain an
ordinary top-down tree transducer [5, 6], in which all state calls appear at leaves of
output rule trees. It is well-known that accumulating parameters add power: mtts re-
alize strictly more translations than top-down tree transducers (for instance, top-down
tree transducers have at most exponential size increase while mtts can have double-
exponential increase). However, mtts have the asymmetry that, while each state can
propagate multiple output trees in a top-down manner in its accumulating parameters,
it cannot do it in a bottom-up manner because it is still restricted to return only a single
output tree and such a tree cannot be decomposed once created.

This paper introduces an extension of mtts cattedti-return macro tree transducer
(mr-mtt) that addresses this asymmetry. In an mr-mtt, states may return multiple trees
(but a fixed number for each state, with the initial state returning exactly one tree). As
an example, consider a nondeterministic translatioist that takes as input monadic
trees of the forms(s(...s(z)...)) and produces output trees of the fotiabt (¢4, t2)
wheret; is a monadic tree ovet’'s andb’s (and a leafe), and¢, is a monadic tree
over A’'s andB’s such thatt, is the reverse of;, and both have the same size as the
input. For instancesoot(a(a(b(e))), B(A(A(E)))) is a possible output tree for the input
s(s(s(z))). Such a translation can be realized by an mr-mtt with the rules of Fig. 1. The
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(q0,s(x))() — let(z1,22) = (q1,)(A(E)) in root(a(z1), 22)
WL (q0,8(z))() — let(z1,22) = (q1,2)(B(E)) in root(b(21), 22)
{q1,5(x)) — {(qo,2)() — root(e,E)
| (q1,8(2))(y1) — let(z1,22) = (qu,)(A(y1)) in (a(z1), 22)
{q1,8(2))(y1) — let(z1,22) = (qu,)(B(y1)) in (b(21), 22)
1 (a1,2)(y1) — (e, 91)

Fig. 1. Rules of the multi-return mtt realizinguist

stateq; is “multi-return”; it generates pairs of trees. The first component is generated
in a top-down manner: at each inpstnode, ana-labeled output node is generated
which has below it the first component; | of the recursivey; -call at the child of the
current input node. This is the left branch of the whole output tree. The right branch is
obtained by the second component and is generated in a bottom-up manner through the
accumulating parameter gf. As we will show, the above translatidwist, cannot be
realized by any conventional mtt. The proof of inexpressibility is technically involved
and uses special normal formsfafist in order to derive a contradiction. In general it

is very difficult to prove that a given translation cannot be realized by a tree transducer
class, because hardly any tools exist for showing inexpressibility. Note that multi-return
mtts have the same size increase as mtts.

In the case of deterministic and total deterministic transducers, mr-mtts are equally
powerful as mtts. For the total deterministic case this already follows from the fact that
tree generating top-down tree-to-graph transducers (trgen-tg) realize the same transla-
tions as total deterministic mtts [7]. Mr-mtts can be seen as particular trgen-tgs; e.g.,
the forth rule oftwist is depicted as trgen-tgs rule in the left of Fig. 1.

Besides an increase in expressive power, mr-mtts have better closure properties than
mtts: they are closed under lefihdright composition with total deterministic top-down
tree transducerd)( Ts). This is rather surprising, because ordinary call-by-value mtts
are not closed under composition with Ts. The latter was already shown in [1] for the
case of left-composition. The case of right-composition is proved in this paper (using
twist). In fact, our proof can even be “twisted” to the call-by-name semantics of mtts
to show that call-by-name mtts are also not closed under right-compositiorDwith
Thus, the two main classes of mtts, call-by-value and call-by-name are both not closed
under right-composition witl, T, while call-by-value multi-return mtts are closed.

2 Definitions

A set X with a mappingrank : X — N is called aranked setWe often writes(*)

to indicate thatank(c) = k. Theproductof a ranked sefl and a setB is the ranked
setA x B = {{a,b)®) | a'® € A b € B}. The setTs of treest over a ranked set
X is defined by the BNRE::=o(t,...,t;) for o¥) € X. We often omit parentheses
for rank-0 and rankt symbols and write them as strings. For example, we veaited
instead ofa(b(c(d()))).



Whenasgo),...,xgg) € XY andt,ty,...,t, € Ty, (simultaneous) substitutioof
t1, ...ty fOrzy, ...z intis writtent[zy /Ly, .. ., @ /tm] (OF sometimes[:ﬁ/ﬂ for
brevity) and defined to be a tree where every occurrencg ¢f = 1,...,m)intis
replaced by the corresponding For a ranked seX’ and rankd symbolO ¢ X, a tree
C € Txyu(my that contains exactly one occurrence ofs called aone-holeX’-context
We writeC|t] as a shorthand faf[1/¢].

Macro Tree Transducers Throughout the paper, we fix the sets of input variables
X = {z1,x9,...} and accumulating parameters = {y,y2, ...} which are all of
rank 0 and assume any other ranked set to be disjoint Witand Y. The setX; is
defined aq x4, ..., z;}, andY; is defined similarly.

A macro tree transducefmtt) is specified a3/ = (Q, q0, X, 4, R), whereQ, X,
and A are finite ranked sets. We cd]l the set ofstates ¢p € @ theinitial state of
rank 0, theinput alphabet A the output alphabetand R the finite set of translation
rulesof the form (¢, o) (21, ..., 22))(y1, ..., ym) — 7 Where the right-hand side
ris a tree froml’aygx x,)uy,, - Rules of this form are calledt, o)-rules. An mtt is
deterministic(total, respectively) if there exists at most (at least) dpgr)-rule for
every(q,0) € @ x X. Also, an mtt islinear if the right-hand side of every rule in
R contains at most one occurrenceagffor eachx; € X. We define the ranked set
Ay = AU (Q x Tx) and call trees iff,, thesentential form®f M. The translation
realized byM is defined in terms of the rewrite relatics ,; over sentential forms.
The “one-step derivation” relation that we use, is tiafl-by-value(also known a$O-
modg derivation relation. Let,, v’ € Ty,,. Thenu =, v’ if there is a(g, o)-rule in
R with right-hand side-, a one-holed ,-contextC, input treessy, ..., s, € T, and
output trees, . . ., t,, € T, such thatu = C[(g,(5))(#)] andw’ = C[r[Z/5,7/]].
We defineu|rs = {t € Ta | u =%, ¢t} and the translatiom (M) realized byM as
{(s,t) € TxxTa | t € {qo, s) | m} The class of translations realized by mtts is denoted
by MT. The restricted class of translations realized by deterministic (total, or linear)
transducers is denoted by prefix (;, or L, respectively). An mtt with all its states
of rank (i.e., without accumulation parameters) is calteg-down tree transducer
and abbreviated as tt; the corresponding class of translations is denofEdAs/a
special case, a linear total deterministic tt with one state only is also dedk=t tree
homomorphisnand the corresponding class of translations is denotddH6yM.

The operator denotes sequential composition. Thatis, 2 = {(s,t) | Jw.(s, w)
€ 1, (w,t) € o} for two translations; andry, andA; ; A = {r ;2 | 71 € A1, 72 €
A} for two classes of translation$; and A,.

Multi-Return Macro Tree Transducers The multi-return macro tree transducer
extends mtt by construction and deconstruction (via let expressions) of tuples of return
values. Each state now has a “dimension” which is the number of trees it returns. In
addition toX andY’, we fix the setZ = {z, 2, ... } of let-variables, of rank 0, and
assume it to be disjoint with any other ranked set.

Definition 1. A multi-return macro tree transducgmr-mtt) of dimensiond > 1 is

a tuple (@, g0, >, A, R, D), where @, qo, X, and A are as for mtts,D is a map-
ping from@ to {1,...,d} such thatD(¢;) = 1, andR is a set of rules of the form
(@™ o™ (zy, ... 26)) (W1, .-, ym) — 7 wherer € rhs”(@ and, fore > 1 the set



rhs® is defined as:
roa=lp.ody (., ue) (n>0)
l=let(zj1,. .., 2j4D(g)) = (q'(k),m)(ul, s ug) in (z; € Xi)

with uq, ua, ... € Tauy,,uz. We usually omit parentheses around tuples of size one,
i.e., write like letz; = - - - in u;. We require any rule to be well-formed, that is, the left-
most occurrence of any variablg must appear at a “binding” position (between ‘let’
and ‘=), and the next occurrence (if any) must appear after the ‘in’ corresponding to

the binding occurencéotal, deterministi¢ andlinear mr-mtts are defined as for mtts.

As for mtts, the call-by-value semantics of mr-mtts is defined in terms of rewriting
over sentential forms. Note that the target of rewriting is always the state call in the very
first let expression of a given sentential form (this expression cannot have let-variables).
Let M = (Q,qo, X, A, R, D) be an mr-mtt. The sk, of sentential forms: of M is
defined by the following BNF

Ku=1l...l, uy
L= let(zj1, - 2j4 i) = (@™, 8)(u, ..., ug) in

wheres € Ts anduy,us,... € Tauz. Again, we require the sentential forms to be
well-formed in the same sense as for the right-hand sides of rules L gt € K.

Thenky =y ko if k1 has the form letz;. 1, ..., 2j4 ) = (@™, 0¥ (s1,..., s1))
(t1,...,tm) In k wheres; € Ty andt; € Ta, and there is dq,0)-rule in R with the
right-hand sidé; .. .1, (ui,...,up(q)) andxy has the form; ... 17 x" where

l; = li[ml/sla"'7xk/skay1/tlv"'>ym/tm] (Z = 17"'7”)

Uﬁg=Uk[y1/t1,-~-,ym/tm] (k=1,...,D(q))

K = Klzj1 /Ul 24 D)/ Wp(g))-

Here, we adopt the standard convention that substitution automatically avoids inappro-
priate variable capture by silently renaming let-variables.

We definex| s = {t € Ta | K =%, t}. The translationr (M) realized byM is
defined ag{(s,t) € T x Ta | t € (letz=(qo,s) in z)|a}. The class of translations
realized by mr-mtts is denoted B¢M. By d-MM with d > 1, we denote the class of
translations realized by mr-mtts of dimensi@nThe prefixesD, ;, and L are used in
the same way as for mtts. Note thaT C 1-MM (by replacing each nested state call of
the mtt by a let-binding), with determinism and totality being preserved.

For technical convenience, we sometimes regbsd as asubset &faygx x,)uy;,
uzurs WhereL?, = {lettV .. 1et?™ tup{V, ... tupl”}, which should be un-
derstood as the abstract syntax tree of its textual representation.

3 Simulation of Multi-Return MTTs by MTTs

This section shows that any mr-mtt can be decomposed into a three-fold composition of
simpler transducers, namely, a pre-processor for dealing with let-bindings, an mtt doing
the essential translation, and a post-processor for dealing with tuples.



Tuple Return Values Following the well-known (Mezei-Wright-like [8]) tupling-
selection technique, we use special symbols to represent tuples and selectior.Z;or
defmeL?up = {72(2), e ,r,(L"),ﬁl),. RS } Intuitively, 7; means “construct a tuple
of 7 elements” andr; means “select the,Lth element of”. We define the transducer
tups”, whose purpose is to recursively convert subtrees of the fo(m.(t1,. .., tx))
into ¢;. Thetupling-and-selection transducer tupss the linear deterministic total top-
down tree transducer with input alphabétu L7, , output alphabet), set of states

{q1,...,qn}, initial stateq;, and the following rules for each:

(@i, T (1)) — (qr> 1)
<qz‘,7'k(.%‘1,. . .,l‘k)> — <q17$i> If 1 S 7 S ]{7
— (g1, 1) otherwise

(i, 0(z1, .. ) — 6({qr, 1), .., (g1, ) fOr 6™ € A, m > 0.

Lemma 2. MM C 1-MM; LD,T. Totality, determinism, and numbers of rules and pa-
rameters are preserved.

Proof. Let M = (Q, X, A, qo, R, D) be an mr-mtt of dimensiod. We define another
mr-mtt M’ = (Q, X, A U Lm ,q0, R',D"), whereD'(q) = 1 forall ¢ € @ and
R = {{q,0(D))(y) — et(r) | (q, (@) (y) — r € R}. Theexplicit-tuplingfunction
et is inductively defined as follows:

et((ul,...,ue) 6(ul,...,ue) ife>1
!/

et(letz; = (g, z)(@) inr
et(let(z1,...,zm)=(g,z)(@)inr") =
letzy = (q, z)(@) inet(r'[z1/m1(21), - - -, 2m /7w (21)]))  ifm > 1.

We also apply:t to sentential forms i, andtups, to sentential forms i ;. Then

for all k1, k2 € Ky andr), k € Ky such thaet(ky) = 7(tups) ) (k}), k1 = K2,
andx| = w5 assuming that the two derivations are done by corresponding rules,
we haveet(ks) = 7(tupsh)(x5). By induction on the number of derivation steps, we
have thatt’ € 7(M')(s) if and only if 7(tups®)(t') € 7(M)(s). Thus,7(M) =
7(M'); 7(tups) which proves the lemma. O

Let-Bindings Even without multiple return values, let-bindings still provide some
additional power with respect to ordinary mtts. For example, the right-hand side of an
mr-mtt rule letz = (g, =) in d(z, z) is not necessarily equivalent to the mtt ar{ég, x),

(g, z)). In the former rule, the two children éfmust be the same tree that is returned

by a single state callg, z). On the other hand, in the latter rule, two state céjlsc)

may return different trees due to nondeterminism. Thus, for simulating let-bindings
we must first fully evaluate state calls to an output treethedcopy them if required.
Basically, such order of evaluation can be simulated using accumulating parameters and
state calls, since we adopt call-by-value semantics. For instance, the above example of
mr-mtt rule is equivalent to the mtt rul, «)({(¢, z)) using an auxiliary statg and a

set of auxiliary rulesp, o (%)) (y) — d(y,y) for everyc € X.



However, this approach does not work for nested let-bindings. The problem is that
the calls of auxiliary states to simulate copying must be applied to some child of the
current node. Consider the following rule:

(g,0(x1,. .. 2n)) — letzy = (g1, 21) In
|et22:<C]2,l‘2>(21) in

|etlzn ={qn, Tn) (215 oy 2n—1)IN0(21,. .., 2n).

To simulate the first let-binding, we need an auxiliary state call {ike:;)({(g1, z1)),
and we do the rest of the work in tHg, o)-rules. But this time, we have to generate
other state calls such &s;, x2)(z1) in the auxiliary rule, which is impossible since in
(p, z;) we are only able to apply states to tthaldrenof z;, while x5 is asibling of z;.

One possible solution is to insert auxiliary nodes of rank 1 above each node of the
input tree, similar as done for the removal of stay moves in [9]. We can then run the
auxiliary states on the inserted nodes in order to simulate the let-bindings. For instance,
the first two lets of the above rule can be simulated by

<Q76—1(ZE1)> - <p7$1>(<<QI7 1>7{E1>,Oé)
(0, 02(21)) (Y1, y2) — (P, 21) (Y1, ({a2, 2), 21) (v1)),

whereq is an arbitrary output symbol of rank 0. The new auxiliary state:) “skips”
the next barred nodes and cajlsat thei-th child of the nextz-node. Fom € N, we
definemon’, (“moradic insertion”) as the linear tree homomorphism which, for each
ok € 3, hastheruléq, o(z1,. .., 2x)) —&1(Fa(- - - Tn(c((g, 1), .., (g, 2))) ).

Lemma 3. 1-MM C LHOM; MT. Totality and determinism are preserved. If the mr-
mtt hasn states of rank< k, r rules, <[ let-bindings per rule, anen input symbols of
rank <b, then the mtt has at most+-r +nb statesk +1 parameters, an¢r +nb)(I+1)

(or (r +nb)(m + 1 + 1) in the case of totality) rules.

Proof. Let the mr-mtt be(Q, X, A, qo, R, D). The state set of the simulating mtt is
QU {p$k+m) | r € R,m = number of let-bindings im, k = rank of the state of} U
(Q x {1,...,b}). Suppose the mr-mtt has a rule= R of the form (where;*) € Q)

(q,0(@))(y1,-.-,yx) — letzy = (g1, zi, ) (@) in ... letz, = (Gm, i, ) (Un) iNw.
Let ¢ be the substitutiofzy /yk+1, - - -, 2m/Yk+m). The simulating mtt has the follow-
ing rules each corresponding to one let-binding:

<Q76-1(x1)>(y17"'ay7€) - <p7‘7m>(y17"'7yk77 <<QI7i1>7x1>(E )7 a)

1), 0.0y
<p'r’75-2(x1)>(y17 e 7yk+m) _> <p7‘7x>(y17 vy Yk, <<Q27i2>, (E1><@_L'2C), Q, ..., O[)

<pT76m(x1)>(y1a s 7yk+m) _> <p7‘7x>(y17 sy Yedm—1, <<qm7im>vx1>(ﬁm<))
<p7’7 6m+1(x1)>(y1, e ayk+7n) H <pr» 17>(y17 e 7yk+m)

(Prs 31 () W1, - - Ykrm) — P> 2 (Y1, - -, ko)
<pT’ U(f»(yla ceey yk+m) - UC



whereq is an arbitrary rank-0 output symbol. These dummy arguments are passed just
for supplying exactlyn arguments and will never appear in output trees.

The statesq, j) € Q x {1,...,b} are used to remember the correct child number
j where to apply;. The rules for(q, j) are:

(g, 7). Gi(z1))(9) — ({g,4), z1)(y) for eachs € L'andl <i <1
(g, 3), o (@))(F) — (g, 2;)(7) for eacho € X of rank > j.

It should be clear that this mtt preceded tayn’, realizes the same translation as the
original mr-mtt. Let us take a look at totality and determinism. The original state
remains total (or deterministic, respectively) for a symolif and only if it is total
(deterministic) foro in the original rule set. Newly added stajgsare deterministic if
the original state was. Newly added states, j) are deterministic. For the remaining
undefined partq-rules foras, ...,5; ando and(q, j)-rules foro with rank < j), we
add dummy rules to regain totality if the original mr-mtt was total. ad

By combining Lemmas 2 and 3, we obtain the main result of this section.
Lemma 4. MM C LHOM; MT; LD;T.

Since, by Theorem 7.6 of [LIPMT andD;MT are both closed under left- and- right-
composition withD,; T, we obtain the following corollary.

Corollary 5. DMM = DMT and DMM = D;MT.

The right part of Corollary 5 follows also from the result of [7], that total deterministic
tree generating top-down tree-to-graph transducers (trgen-tg) are equivalzm 1o
because as mentioned in the Introduction, mr-mtts are a special case of trgen-tgs.

4  Simulation of MTTs by Multi-Return MTTs

We now show thaMM is closed under right-composition with,T. The idea is to
construct the simulating mr-mtt byinning the tt on the right-hand side of each rule
of the original mr-mtt. Let{p,,...,p,} be the set of states of the tt. We construct the
rules so that if a state returns a tupldi,, ..., t4), then the corresponding stajeof

the simulating mr-mtt return€py,t1) 1, ..., (1, ta)l, - (Prstid s oy (Pnyta) ).

Lemma 6. MM ; D, T C MM. Totality and determinism are preserved. The number of
parameters and the dimension of the resulting mr-mttraténes larger the original
ones, where is the number of states of the tt. The number of states increases by 1, and
the number of rules is at most twice as that of the original one.

Proof. Let M = (Q, X, A, qo, Rar, D) be an mr-mtt andV = (P, A, I, p1, Ry) be a
D,T with P = {p1,...,p,}. We define the mr-mtds’ = (@', X, I, 4, R', D'), where
Q ={d" | ¢™ e Qu{¢V}, D'(¢") =n- D(q), D'(¢) =1, and

R ={(¢,0(Z) (Y1, yrn) — 1unN(r) | (q,0(Z))(y1,-- -, yx) = 7 € R}
U {{¢, 0 (Z)) — runNo(r) | {go,0(Z)) — r € R}



whererunN andrunN, are defined inductively as follows. Recall from the Definitions
the “tree view” of the right-hand side of our mr-mtt (withp andlet node).

runNo (tup; (u1)) = tup, ((p1, u1) In+)
runNo(lete (2o 41, - 5 Zses (@ 2) (U1, - -, Uk), K) = l€len (Zs.e, (¢, ) (PUy ), rUNNy (x))
runN(tup, (u1, . . ., ue)) = tup,,, (pu,)
)

runN(lete (2s415- - - Zstes (@ ) (U1, - -, ug), K) = lete, (25.e, (¢, ) (Puy,), FUNN(K))

Wherezs,e = Zsn+1s- -y Rsntens PUy, = <p17 u1>lN/7' SR <p1; um)lN@- SRS <p’m u1>lN’a
<oy (P, um) v @ndN' is N extended by the rule®;, yi) — y(i—1)n+; and(p;, z;) —
Z(i—1yn4j for1 < i < p, 1 < j < n, wherey is the maximum of the number of
parameters and the number of let-bindings appearingjn Then, by induction on
the number of derivation steps, we can show tpat (¢, t) (%) | )| n- iS equal to the
corresponding subtuples ¢f', ) (puy,) | 1/, which proves the lemma. O

Note that the proof of Lemma 6 relies on thatality of V. It simulates allp;-
translations, some of which may not contribute to the final outpuY. i§ not total, this
try-and-discard strategy does not work. Undefined calls that are to be discarded will
stop the whole translation, since we are considering call-by-value evaluation. The proof
relies also on theeterminisnof N. If p; is nondeterministic, multiple calls ¢f; (y;)
may generate different outputs and thus replacing them by the same single variable
Y(i—1)n+; Yields incorrect results.

Next, we investigate the case of left-composition. The idea is, again, to simulate the
compositionD, T ; MT by constructing an mr-mtt by running the mtt on the rules of tt.
Note that we crucially use let-bindings here for simulating parameter copying of the
original mtt. Suppose we have a tt rylg e(x1)) — a(b, (g, z1)) and mtt rules:

(p,a(z1,22))(y1) — (s 21)({p, 22) (y1))
(p,b)(y1) — d(y1,y1)-

Using a let-binding, we construct a rule of the simulating transdget;), e(z1))(y1)

— letz = ((p,q), z1)(y1) in d(z, ) which correctly preserves the original semantics
that the left and right child of the node are equal. Note that without let-bindings, we
cannot avoid duplicating a state call; at best we will have the{fglg;), e(z1)) (y1) —
a({(p, q), z1)(v1), {{p, @), z1)(y1)), which is incorrect because the duplicated state calls
may nondeterministically yield different outputs, which is not originally intended.

Lemma7. D,T;MT C 1-MM. Totality and determinism are preserved. The number
of states isn times larger, wheren is the number of states of the D The number

of parameters remains the same. The number of rules may be double exponential with
respect to the depth of right-hand sides of th8 D

Proof. Let M; = (Q, X, I,qo,R1) be aD;T and My = (P, I, A, py, Rz) an mtt.
DeﬁneMX = (P X Qv Za Aa <P0;(I0>aRaD) with R = {<<p7 Q>70(i)>(g) — R | K€
f=({p,r)(¥), z),r is the right-hand side of the uniqye, o)-rule of R; }. Intuitively, a
state(p, ¢) denotes the translation kyfollowed by p. The relationf, is very similar
to the derivation relation ofi/s (thus, f.({p,)(%), z) should be intuitively read as



(p,7)(¥) | ns,). However, to “factor out” let-bindings for avoiding incorrect duplication
of state calls, we define it slightly differently. For the sake of simplicity, we define
as a nondeterministic function as follows:

f2(y,u) = ulz/y] yeYUuZz
F2(0(t1, . yti)su) = fo (b1, o [ (s ul2/0(20, ..y 25)]) - --)  6€A
F(Up, (g @i)) b1y ooy te),u) = foy (B1y- o fo (B,
letz={((p,q), ;) (21,...,2)INw)...)
(P, v(3) (s tk),w) = fay (b1 o (B, fo (R[5, 5/2),u) - )
for every right-hand side of any (p, v)-rule,y € I".

The last argument of f, denotes a context where the translated right-hand side of the
rule should be placed. By induction on the structure of the inputdreee can prove

(. {a: ) Lar) B e, = ((p,9), 5) ()L ar, forp € P, ¢ € Q, ¢ € T, ands € T,
which proves the lemma. ad

We can now generalize the lemma in two directions: the second translation from
MT to MM, and the first translation from total to partial.

Lemma 8. D;T; MM C MM. Totality and determinism are preserved.

Proof. By Lemma 4,D;T;MM C D;T;LHOM;MT;LD,T. By Lemma 6.9 of [6],
which says thaD, T is closed under composition, the latter isDpT ; MT; LD, T. By
Lemma 7 this is included iMM ; LD, T, which is inMM by Lemma 6. a

Lemma 9. DT; MM C MM.

Proof. We haveDT C DT-FTA; D, T (Lemma 5.22 of [1]) wher®T-FTAis the class

of partial identity translations recognized by deterministic top-down tree automata,
Lemma 8, andT-FTA; MM C MM (can be proved by the same construction as for
Lemma 5.21 of [1]; for every rule of the initial state, we add one let-binding that carries
out the run of the automaton). These three lemmas geaveMM C MM. O

Using the lemmas proved up to here, we obtain the two main theorems: the charac-
terization of mr-mtts in terms of mtts and its closure properties.

Theorem 10. MM = LHOM; MT; LD, T. Determinism and totality are preserved.
Theorem 11. DT;MM C MM and MM;D; T C MM.

5 Expressiveness

First we show that mr-mtts of dimension 1 are already more powerful than normal mtts
even without tuple-returning capability. On page 123 of [1], a counterexample to show
MT C LHOM; MT is given without proof. (The difficult part of their counterexample

to be realized iMT is the generation of twientical pairs of a nondeterministic rela-
beling of the input, which is similar to ouwist translation that generatesutually re-
versepair of nondeterministic relabelings.) By this example and Lemma 7, we have the
following proposition, which shows that binding intermediate trees by let-expressions
itself adds expressiveness.



Proposition 12. MT C 1-MM.

Moreover, mr-mtts that return pairs of trees are strictly more powerful than single
return ones. Here we only give a sketch of the proof. For more detail, see [10] (which
proves the unrealizability iMT, but it also works foil-MM and call-by-name mtts).

Theorem 13. 1-MM C 2-MM.

Proof (Sketch)A translation realized irR-MM, namely, thetwist translation of the
Introduction is shown not to be realizable by any mr-mtt with dimension 1. The proof is
by contradiction. Note that the number of outputs®ist is exponential with respect

to the size of the input, that i${wist(s™z)| = 2". We first assume an mr-mit/ of
dimension 1 to realizéwist, and then by giving two normal forms of sentential forms

(a weak normal form that contains no let-variables under output symbols, and a strong
normal form that is the weak normal form with at most one let-binding), we can show
that|7(M)(s"z)| = O(n?), which is a contradiction. O

Note that the compositioM T ; D, T can realizewist. We can construct an mtt (both
in call-by-value and call-by-name semantics) that nondeterministically translates the
input s™z into all monadic trees of the forrfa|b)™(A|B)"E such that the lower-part is
the reverse of the upper-part. Then we split such monadic trees to lower- and upper-
parts by aD, T transducer, so that the composition of these two translations realizes
twist. Thus, together with the proof of Theorem 13, we have the following theorem.

Theorem 14. MT;D; T € MT and MTy;;D;T € MTo;, where M denotes the
class of translations realized by call-by-name mtts.
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